ABSTRACT. Given integers r and b with 1 ≤ b ≤ r, a finite simple connected graph G for which reg(S/I(G)) = r and the number of extremal Betti numbers of S/I(G) is equal to b will be constructed.
In order to prove Theorem 1, we use the following non-vanishing theorem for Betti numbers [3] .
Proposition 2 ([3, Theorem 4.1]). Let G be a finite simple graph on V and S = K [V ] . Suppose that G is chordal. Then β i,i+ j (S/I(G)) = 0 if and only if there exists a subset W of V such that the induced subgraph G W contains a strongly disjoint set of bouquets of type (i, j).
Recall fundamental materials on graph theory to understand Proposition 2. Let G be a finite simple graph on the vertex set V and W a subset of V . The induced subgraph of G on W is the subgraph G W of G with the vertex set V (G W ) = W and with the edge set E(G W ) = {x i , x j } ∈ E(G) : x i , x j ∈ W . A finite simple graph G is chordal if every cycle in G of length > 3 has a chord. A subset M of E(G) is a matching of G if, for any e, e ′ ∈ M with e = e ′ , one has e∩e ′ = / 0. A matching M is called an induced matching of G if, for any e, e ′ ∈ M with e = e ′ , there is no e ′′ ∈ E(G) satisfying both of e∩e ′′ = / 0 and e ′ ∩e ′′ = / 0. The induced matching number ind-match(G) of G is the maximum size of induced matching of G. A complete bipartite graph of type (1, d) is called a bouquet. Let B = {B 1 , . . . , B s } be a set of bouquets, where B i is a subgraph of G, and set
We say that B is a strongly disjoint set of bouquets of G if V (B k ) ∩V (B ℓ ) = / 0 for all k = ℓ and if, for each 1 ≤ k ≤ s, there exists e k ∈ E(B k ) such that {e 1 , . . . , e s } forms an induced matching of G. When B is a strongly disjoint set of bouquets, we define the type of B as (|V (B)| − s, s). Finally, we say that G contains a strongly disjoint set of bouquets of type (i, j) if there exists a strongly disjoint set of bouquets B of G whose type is (i, j) and which satisfies V (B) = V (G).
We now turn to a proof of Theorem 1. Note that the graph G r,1 is a tree, in particular a chordal graph. By virtue of Proposition 2,one has β r+1,(r+1)+r (S/I(G r,1 )) is the only extremal Betti number of S/I(G r,1 ) and reg(S/I(G r,1 )) = r, as required.
(Second Step) Let r and b be integers with 2 ≤ b ≤ r. We then introduce the finite simple connected graphs G r, j for j = 2, . . . , b constructed as follows. Starting with the star triangle consisting of r triangles with the common vertex z, we define G r,2 by adding a new vertex w 1 joining with all vertices of a triangle, say, z, x 1 , y 1 , to it. Thus
Inductively, we define the finite simple connected graph G r, j+1 for each j = 2, . . . , b − 1 by adding a new vertex w j joining with vertices z, x 1 , . . ., x j , y 1 , . . ., y j , w 1 , . . . , w j−1 to G r, j . In other words,
The following lemma completes Second Step of our proof.
Proof. We start on proving that G r,b is a chordal graph. Let j be an integer with 1 ≤ j ≤ b − 1. We prove that G r, j+1 is chordal under the hypothesis that G r, j is chordal. Here, for abuse notation, we use G r,1 to denote the star triangle consisting of r triangles, obviously it is a chordal graph. Suppose that there exists a cycle C of G r, j+1 of length > 3 with no chord. Since G r, j is chordal, it follows that C must contain w j . If C contains a vertex which does not belong to N G r, j+1 [w j ], where N G r, j+1 [w j ] = N G r, j+1 (w j )∪{w j } and N G r, j+1 (w j ) is the neighbourhood of w j in G r, j+1 , then C must be a triangle zx k y k for some k ≥ j + 1. This is a contradiction. Thus all vertices of C must belong to N G r, j+1 [w j ]. Since C contains w j , this contradicts the hypothesis that C does not have a chord. 
r−i } of bouquets (we describe a bouquet by its vertex bipartition):
2 ), . . ., {x r , y r } ∈ E(B Assume r − b > 0. We show that there is no set of bouquets which guarantees the non-vanishing of these Betti numbers in meaning of Proposition 2. On the contrary, suppose that there exists a strongly disjoint set of bouquets B of G r,b contained in (G r,b ) V (B) of type (r + 2b − 2 + i, j), where 1 ≤ i ≤ r − b and 2 ≤ j ≤ r − b − i + 2. Let B = {B 1 , . . ., B j } and assume that e 1 , . . . , e j form an induced matching of G r,b with each e ℓ ∈ E(B ℓ ).
(Step 1) Assume that {x k , y k } / ∈ {e 1 , . . ., e j } for some k with b ≤ k ≤ r. In this case, x k , y k / ∈ V (B) because j ≥ 2. Then B can be regarded as a strongly disjoint set of bouquets of G r−1,b of type(r + 2b − 2 + i, j) = type((r − 1) + 2b − 2 + (i + 1), j).
by inductive hypothesis, the possible pairs (i, j) can be
• i = r − b, then j = 2. In each of the three cases, i + j is equal to either r − b + 1 or r − b + 2. Hence |V (B)| = (r + 2b − 2 + i) + j is equal to either 2r + b − 1 or 2r + b, which contradicts x k , y k / ∈ V (B). 
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The Betti Note that G r+1,r,1 = G r,1 , appears in First
Step of the proof of Theorem 1. Then Proposition 2 says that β p,p+r (S/I(G p,r,1 )) is the only extremal Betti number of S/I(G p,r,1 ). In particular,
• reg(S/I(G r+1,r,1 )) = r ;
• proj dim(S/I(G r+1,r,1 )) = p ;
• the number of extremal Betti numbers of K[V (G p,r,1 )]/I(G p,r,1 ) is equal to 1 = b.
